Background: Proper understanding of seismic behavior of retaining structures is crucial during a strong earthquake event. In particular, response of retaining walls with bilinear backface, where a sudden change in the inclination along its depth make the problem more complex. This study focuses on estimating the seismic earth pressure coefficients of a retaining wall with bilinear backface using a modified pseudo-dynamic method.
Background
In many practical situations, the backface of a retaining wall is made in such a way that it has an abrupt change in its inclination. For example, gabion type retaining walls (as shown in Fig. 1 ) are commonly used in the mountainous and remote areas where piecewise transportation of blocks is convenient [2] . However, during an earthquake, this sudden change in backface inclination may pose more complexity to the load carrying mechanism of the wall. Although a number of earlier studies had focused on static and dynamic analysis of vertical or non-vertical gravity or cantilever type retaining walls, consideration of bilinear backface is not common. Sokolovskii [12] , in a pioneering work, carried out static analysis on retaining walls with bilinear backface. Later, Greco [5] developed an analytical solution to determine the static and pseudo-static active thrust on walls with bilinear backface. Sadrekarimi et al. [10] experimentally investigated the seismic lateral pressure behind a hunched-back gravity type quay wall. Kolathayar and Ghosh [7] focused on seismic active earth pressure behind a bilinear rigid cantilever retaining wall using pseudo-dynamic analysis. They had adopted the conventional pseudo-dynamic method originally proposed by Steedman and Zeng [13] and later updated by Choudhury and Nimbalkar [3] . However, this method has from some inherent limitations, such as, the seismic waves violate the zero stress boundary condition at the ground surface, the damping of the backfill is neglected, and arbitrary amplification factors are assumed. To overcome the above-mentioned deficiencies, the present study adopts a modified pseudo-dynamic method as suggested by Bellezza [1] , where, the backfill soil is considered as a visco-elastic Kelvin-Voigt material and a frequencydependant amplification of wave amplitudes along the height of the backfill has been accounted for.
Definition of the problem
Consider a rigid cantilever retaining wall with bilinear backface constructed on a rigid bedrock supporting a dry, horizontal and cohesionless backfill as shown in Fig. 2 . The total height of the wall is H, and the upper part CD is of height H 1 . The upper (CD) and lower (DE) segments are inclined at an angle θ 1 and θ 2 , respectively, with the horizontal. The wall friction angles are δ 1 and δ 2 , respectively, for the upper and lower portion of the wall. The base of the cantilever wall is subjected to a horizontal acceleration with magnitude a h0 and a vertical acceleration of magnitude a v0 . The backfill soil is considered as a visco-elastic Kelvin-Voigt material. The objective of this study is to determine the seismic active pressure coefficient for both upper and lower part of the wall and distribution of active pressure along the height of the wall.
Method of analysis
In this study, planar failure surfaces are assumed for both upper and lower segments of the wall, as suggested in Greco [5] . In the upper portion, the failure surface BD makes an angle α 1 with the horizontal, whereas, for the lower part, the failure surface AE makes an angle α 2 with the horizontal. The thrust wedge is subjected to its self-weight W. The active force P ae1 is inclined at an angle δ 1 with respect to the normal on CD, P ae2 is inclined at δ 2 with the normal on AE, and R is inclined at an angle ϕ with the normal to the failure surface AE.
Wave equation for a visco-elastic soil
The backfill soil is modeled as a visco-elastic Kelvin-Voigt material consisting of an elastic spring element and a viscous dashpot connected in parallel as shown in Fig. 3 . [8] According to the definition of Kelvin-Voigt model, the constitutive equation of a visco-elastic medium is given by where σ xz is the shear stress, ɛ xz is the shear strain, G is the shear modulus and η is the viscous damping coefficient. For a harmonic shaking, η s = 2GD/ω, where D is damping ratio and w is angular frequency. The motion equation of the Kelvin-Voigt visco-elastic medium (after [14] ) is where ρ is the density of the media, λ and G are the Lame constant, η 1 and η s are the viscosities, u is displacement vector with components along three different axis u x , u y and u z , and θ = div (u) . If the plane wave solution of wave propagating along the z-axis in the Kelvin-Voigt homogeneous visco-elastic medium is considered, then Eq. (2) can be simplified as the following two equations for horizontal and vertical displacement vectors:
and The general solution of Eq. (3) for a harmonic wave is where k * s is complex wave number defined as where G * is complex shear modulus and given by By applying the boundary conditions that is shear stress at the free surface (z = 0) is zero and at z = H the displacement will be equal to the rigid base (u bh = u h0 exp(iωt)), the horizontal displacement is expressed as Taking only the real part, Eq. (8) can be expressed as
The horizontal acceleration can be obtained Similarly, the vertical acceleration is obtained as where S p = − sin y p1 sinh y p2 
Estimation of active thrust for the upper segment (CD)
To estimate the active earth pressure on the upper segment, the equilibrium of the soil wedge BCD has been considered. The mass of the thin element of thickness dz at depth z in wedge BCD is given by where γ is unit weight of the backfill soil and g is acceleration due to gravity. The total weight of wedge BCD is computed by integrating Eq. (12) also y s1u = k s1 H 1 , y s2u = k s2 H 1 , y p1u = k p1 H 1 and y p2u = k p2 H 1 .
Assuming the wedge BCD is in limit equilibrium condition and considering the vertical and horizontal equilibrium of the wedge, the total active thrust on the upper portion of the wall is obtained using the following equation
The maximum value of Eq. (18) with respect to α 1 and t can be considered as the estimated seismic active pressure on the wall. Substituting Eqs. (13), (16) and (17) in Eq. (18) The seismic active earth pressure coefficient can be obtained by the following equation where α 1m and t m are the values of α 1 and t that maximizes K ae1 .
Estimation of active thrust for the lower segment (DE)
For determination of active pressure on the lower part,the contribution of the entire wedge ABCDE has to be considered. The mass of the thin element of thickness dz at depth z in wedge ABCDE as shown in Fig. 2 
The total weight of wedge ABCDE can be derived as
The total horizontal inertial force (Q h2 ) and vertical inertial force (Q v2 ) on the wedge ABCDE are given by
The total active thrust on the lower portion of the wall is obtained by imposing the vertical and horizontal equilibrium of the wedge ABCDE, assuming the wedge is in limit equilibrium condition and it is expressed as Also, the seismic active earth pressure coefficient for the lower portion can be obtained by the following equation
Estimation of active earth pressure distribution
The seismic active earth pressure distribution can be obtained by writing P ae1 and P ae2 as functions of z instead of H, and then partially differentiating them with respect to z [13] . By normalizing active pressure distribution (p ae1 ) along the upper segment with respect to γH,
γ H is expressed as where, Similarly, for the lower segment, the normalized active earth pressure distribution is expressed as where,
Results and discussion
The maximum seismic active earth pressure coefficients for both upper and lower segments have been determined by optimizing Eq. (20) and (28) with respect to α 1 , α 2 and t/T. In this analysis, the damping ratio of soil during propagation of shear wave and primary wave are assumed to be same, i.e., D s = D p = D. Further, the soil-wall friction angle for both upper and lower segments are assumed to be equal, i.e. δ 1 = δ 2 = δ. Poisson's ratio of the backfill soil is assumed as 0.3, which gives the ratio of P-wave and S-wave velocity (V p /V s ) approximately 1.87 [4, 8] . The effect of various parameters are investigated on three response parameters, namely, seismic active earth pressure coefficients, seismic earth pressure distribution over the height of the wall, and failure angle. Note that the damping ratio of 10% is assumed in the present analysis. Further, to understand the effect of damping on the earth pressure, additional analyses with 10, 20 and (30) 
30% damping values are conducted. For a dense sand and a medium-level excitation (this study considers a 0.2 g acceleration intensity), this damping range is a reasonable assumption as per the existing literature (for example, [6, 11] ). The following subsections discuss this parametric study on the above-mentioned response parameters. A more detailed description is available in the master's thesis of the first author, Rahaman [9] . Figure 4 shows the variation of K ae1 and K ae2 with normalized angular frequency for different damping ratios assuming
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2 a v0 = 0 and ω p /ω s = 1. It can be observed that the trend of the curve is not monotonic and there is a distinct increase for ω s H/V s = 1.57. After a sharp increase, the curve decreases monotonically. These peaks correspond to the resonance, i.e., the frequency of the incident wave is close to the natural frequency of the backfill. It is also observed that the damping ratio has significant effect on the seismic active earth pressure coefficient near these amplification zones. The peak value of K ae1 and K ae2 decrease about 30 and 35%, respectively, for increase in damping ratio from 20 to 30%. Note that the effect of backfill damping is not significant beyond ω s H/V s ≥ 2 and ω s H/V s ≤ 0.5. Figure 5 shows the variations of K ae1 and K ae2 with horizontal acceleration, a h0 /g for two conditions: (1) Q v acting downward and (2) Q v acting upward. It is observed that the horizontal seismic acceleration coefficients for both the segments increase monotonically as the horizontal inertia force on the backfill increases with increasing horizontal acceleration. It is obvious that the direction of acceleration during earthquake is not fixed; rather it changes its direction from cycle to cycle. This may subsequently cause a change in the direction of the seismic body forces with time. For evaluation of active earth pressure, the horizontal force must have to act towards the direction of wall face but the vertical force may act in upward or downward direction. Hence, there is always a phase difference between the horizontal seismic force and the vertical seismic force. The different directions of Q v imply that when the active thrust reaches its maximum for Q h , the Q v may either have a positive or a negative value. Hence, K ae1 and K ae2 may have different values for the same magnitude of Q v . The critical direction of the vertical force depends on many parameters, such as, soil friction angle, horizontal acceleration, non-dimensional frequency ratio and damping ratio of soil. It can be seen from Fig. 5 that for ω s H/V s = 0.5, the critical condition for active thrust occurs when Q v acts downward for low intensity motions (low range of a h0 /g). However, for high intensity motions, upward is more critical. This change in scenario happens at a h0 /g = 0.3 for K ae1 , and at a h0 /g = 0.37 for K ae2 . When plotted with normalized frequency ratio (Fig. 6) , it is noted that the critical direction of vertical acceleration changes when the normalized frequency of the shear wave approaches the natural frequency of the backfill. Hence, it can be concluded from the above observations that the direction of vertical seismic force has significant effect on critical values of K ae1 and K ae2 , and should be given required importance while estimating the seismic earth pressures. Figure 7 demonstrates that the magnitude of K ae1 and K ae2 are significantly affected by the internal friction angle of the backfill soil. As expected, with increase in friction angle, soil gets denser and stiffer and thus reduce the active earth pressure coefficients. For example, at a h0 /g = 0.2, with an increase in ϕ from 40° to 50°, K ae1 and K ae2 decrease by about 38 and 22%, respectively. The rate of effect of ϕ is more prominent for higher intensity motions, i.e., for greater values of a h0 /g. 
Effect of horizontal and vertical acceleration
Effect of soil friction angle
H 1 /H = 1/3 ϕ, = 40°, δ = 0.5 ϕ, θ 1 = 75°, θ 2 = 100°, a v0 = 0.5a h0 , ω s H/V s = 0.5, D = 10% and ω p /ω s = 1]
Effect of inclination angle
The influence of inclination angle of upper part of the bilinear wall (θ 1 ), on active earth pressure coefficients has been shown in Fig. 8 . It can be noticed that K ae1 increases significantly with increasing θ 1 , while K ae2 varies only marginally. For example, at a h0 /g = 0.2, 
with an increase of θ 1 from 60° to 75°, K ae1 increases from 0.175 to 0.268 (53% increase), whereas K ae2 increases from 0.427 to 0.431 (only 1%). It is expected that the inclination of upper part would influence the coefficient corresponding to the upper part and vice 
versa. When the inclination angle of the lower segment of the wall (θ 2 ) is considered, just an opposite trend is observed, i.e., sensitivity of K ae2 over K ae1 in this case, as also expected (Fig. 9) . Fig. 9 Effect of inclination of bottom segment on active earth pressure coefficients [for
Effect of P-wave and S-wave frequency ratio
The effect of ratio of angular frequencies of P-wave and S-wave is investigated in Fig. 10 . It is observed that both K ae1 and K ae2 increase with increase in ω p /ω s . The deviations are prominent towards higher values of a h0 /g. It is noted that K ae1 and K ae2 increase about 16.3 and 17.15%, respectively, when ω p /ω s increases from 1 to 1.2 at a h0 /g = 0.35.
Seismic active earth pressure distribution
Following subsections describe the effect of various parameters on seismic active earth pressure distribution along the height of the wall for both segments.
Effect of damping ratio
With the increase in damping ratio, the normalized seismic active earth pressure decreases due to dissipation of energy in the soil media. This phenomenon has been illustrated in Fig. 11 . For example, an increase in damping ratio from 10 to 30% at z/H = 0.9 earth pressure reduces by 7.2%.
Effect of horizontal and vertical acceleration
The effect of horizontal seismic acceleration and vertical seismic acceleration on seismic active earth pressure distribution has been illustrated in Figs. 12 and 13, respectively. It is found that the lateral earth pressure gets affected most significantly with a h0 /g as compared to any other parameter. For example, with an increase in a h0 /g from 0.2 to 0.3 (50% increase), the earth pressure increase about 82.6% at z/H = 0.9. On the other hand, vertical seismic force has only a marginal effect on normalized active pressure distribution as noted from Fig. 13 . This is obvious that the horizontal inertia controls the lateral earth pressures largely compared to the vertical inertia.
Effect of soil friction angle
The effect of soil friction angle on seismic active earth pressure distribution has been shown in Fig. 14 . It is noticed that the magnitude of active earth pressure decreases with increase in soil friction angle. As in the retaining wall with bilinear backface there is sudden change in slope of wall along depth so a discontinuity occurs in the pressure distribution at z/H = 0.3 which is also reported in previous study by Kolathayar and Ghosh [7] . Figure 15 shows the variation of normalized active earth pressure distribution for different values of θ 1 and θ 2 . It can be seen that active earth pressure increase with increase in θ 1 and θ 2 due to increase in backfill weight. With same increase in θ 1 and θ 2 , weight of the lower segment increases more than the upper segment so the difference in pressure in upper and lower segment at the discontinuity point increase with equal increase in θ 1 and θ 2 .
Effect of inclination angle
Failure plane angles
As the results presented in the previous sections indicate that parameters such as horizontal seismic coefficient, friction angle, and damping of the soil have significant effect on the active earth pressure coefficient and the lateral pressure distribution, an effort is made to examine the effect of these three parameters on the failure plane angles of both segments of the wall. Figure 16 shows the variation of failure plane angles, α 1 and α 2 
with varying horizontal acceleration and damping ratio. It is noted that with increasing damping ratio, both angles show decreasing trend. It is very interesting to note that there is a sudden decrease in failure angle when a h0 /g is around 0.25 for 10 and 20% damping, whereas for 30% damping, there is no such abrupt change. The reason may that, at the point of sudden change, the direction of Q v changes for critical active thrust. For a damping ratio of 30%, the influence of direction of Q v becomes negligible (as also mentioned in the previous section), which leads to a smooth variation in the failure angle unlike the lower damping cases. Figure 17 shows the variation of α 1 and α 2 with ϕ. It is observed that both failure angles show increasing trend with increasing ϕ. [7] and the present study for estimating K ae1 and K ae2 for a case where [5] used a pseudo-static method, where as Kolathayar and Ghosh [7] considers a conventional pseudo-dynamic method assuming linear elastic backfill. Note that all results correspond to a normalized frequency ratio, ω s H/V s = 2 (or in other words, H/TV s = 0.32 and H/TV p = 0.17, for a V p /V s = 1.87). It can be observed from Table 1 that both pseudo-static and conventional pseudo-dynamic method underestimate K ae1 and K ae2 largely. Note that this under-estimation is more prominent for higher intensity motions and low damped soil. The reason is that, for a low damped soil, frequency-dependent amplification is higher compared to a highly damped soil, which causes more deviation from the conventional methods. For example, the pseudo-static method under-estimates K ae1 for 17 and 46% for 0.1 and 0.3 g motion, respectively, compared to the present study with D = 10% case. The deviations of conventional pseudo-dynamic method [7] without considering amplification in predicting this coefficient are 17 and 48% for 0.1 and 0.3 g motion, respectively.
Comparison of results with previous studies
H 1 /H = 1/2, θ 1 = 75 • θ 2 = 105 • , ϕ = 36 • , δ = 18 • , |a v0 | = 0.5a h0 , ω p /ω s = 1. Greco/g [H 1 /H = 1/3, θ 1 = 75°, θ 2 = 100°, ϕ = 30°, δ = ϕ, |a v0 | = 0.5a h0 , ω s H/V s = 2, D = 10% and ω p /ω s = 1]
Conclusions
This study proposes a generalized solution to estimate seismic active earth pressure on a cantilever retaining wall with bilinear backface. The proposed method is based on a modified pseudodynamic approach which overcomes the shortcomings of the existing pseudodynamic method. In order to have a more detail understanding for the application of the proposed method a parametric study has been conducted by varying the parameters such as damping ratio, frequency ratio of S-wave and P-wave, soil friction angle, wall friction angle, horizontal and vertical seismic accelera tion coefficient and wall inclination for both upper and lower portion of the wall. The results of the study shows that the natural frequency and damping of the backfill soil has significant effect on the seismic active earth pressure coefficients. Comparison with conventional pseudostatic and pseudo-dynamic methods indicate that the previous methods largely underestimate the values of K ae1 and K ae2 (as much as 48%). This under-estimation is more prominent for higher intensity motions and less-damped soil, where the soil amplification effects pose most importance. This modified pseudo-dynamic approach can further be used for design of bilinear retaining structures. 
